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1 Introduction 

Topological transitivity and topological mixing of the geodesic flow are two dy¬ 
namical properties extensively studied for Riemannian manifolds. Anosov in [1] 
first proved topological transitivity of the geodesic flow for compact manifolds of 
negative curvature. Eberlein in [12] proved topological mixing for a large class of 
compact manifolds. In particular, he established topological mixing for compact 
manifolds of negative curvature as well as for compact manifolds of non-positive 
curvature not admitting isometric, totally geodesic embedding of M^. The latter 
is the class of the so called visibility manifolds (see ng and [12]) and, in modern 
terminology, it can equivalently be described as the class of compact CATfiS) 
manifolds which are hyperbolic in the sense of Gromov (see [21 Ch. II, Theorem 
9.33]). For certain classes of quotients of CAT{—1) spaces by discrete groups of 
isometries, topological mixing was shown in [B]. 

In all the above mentioned results the following two properties of the universal 
covering were essential: 

(U) uniqueness of geodesic lines joining two boundary points at infinity and 

(C) the distance of asymptotic geodesics tends, up to re-parametrization, to 
zero. 
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In this work we prove topological mixing for closed snrfaces of genus > 2 
equipped with a Euclidean metric with hnitely many conical singularities of angle 
> 27r. For this class of spaces, the universal cover is a C'AT(O) space which 
contains flat strips (which correspond to closed geodesics not containing conical 
singularities) and, thus, property (U) above does not hold. For the same reason 
property (C) does not hold either. However, we use the fact (shown in [7]) that in 
these surfaces, a non-closed geodesic has 0 distance from the set of conical points, 
in order to show that properties (U) and (C) above do hold when the geodesics 
involved are not lifts of closed geodesics. 

Our approach is along the lines of the original proof in Eberlein’s work (cf |12j). 
However, since we need to generalize from manifolds to more general settings, we 
will use recent terminology adopted in the line of proof in [6] and make adjust¬ 
ments, when needed, to deal with the implications arising from closed geodesics. 

2 Definitions and Preliminaries 

Let S' be a closed surface of genus > 2 equipped with a Euclidean metric with 
hnitely many conical singularities (or conical points), say si,...,s„. Every point 
which is not conical will be called a regular point of S. Denote by 9[si) the angle 
at each s* and we assume throughout this paper that 9{si) G (27r, -|-oo). 

We write C [v, 9) for the standard cone with vertex v and angle 9, namely, 
C {v,9) is the set {{r,t) : 0 < r,t E M./9Z} equipped with the metric = dr"^ -|- 
r'^dt^. 

Definition 1 A Euclidean surface with conical singularities Si, ...,s„ is a closed 
surface S eguipped with a metric d (•, •) such that at 

• Every point p E S \ {si, ...,s„} has a neighborhood isometric to a disk in 
the Euclidean plane 

• Each Si E {si,..., s„} has a neighborhood isometric to a neighborhood of the 
vertex v of the standard cone C {v, 9 (sj)). 

Clearly, the metric on S' is a length metric and the surface S will be written 
e.s.c.s. for brevity. Note that for genus g > 2, such Euclidean structures exist, 
see [21]. 

Definition 2 A geodesic segment is an isometric map h : [a, h\ ^ S. If x = h{a) 
and y = h{b) then a geodesic segment joining x and y will be denoted by [x, y] 
and by (x, y) its interior. 

Let I = [0,-|-cxo) or I = (— cxo,-|-cx)). A geodesic line (resp. geodesic ray) in S is 
a local isometric map h : I ^ S where I = {—oo, -|-cxo) (resp. I = [0, -|-cxo) ). 

A closed geodesic is a local isometric map h : I ^ S which is a periodic map. 

A metric space is called geodesic if every two points can be joined by a geodesic 
segment. 
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As every locally compact, complete length space is geodesic (see Th. 1.10 in 
ini) we immediately have 

Proposition 3 If S is a e.s.c.s. then S is a geodesic space. 

Let S be the universal covering of S and let p : S' —)■ S' be the covering 
projection. Obviously, the universal covering S' is homeomorphicjio and by 
requiring p to be a local isometric map we may lift d to a metric d on S' so that 
(S', d) becomes a e.s.c.s. There is a discrete group of isometries T of S' which is 
isomorphic to vri(S'), acting freely on S' so that S' = S'/T. From now on we will 
make no distinction between F and 7ri(S'). 

The group F with the word metric is hyperbolic in the sense of Gromov. On 
the other hand, F acts co-compactly on S'; this implies that S' is itself a hyperbolic 
space in the sense of Gromov (see for example Th. 4.1 in [8]) which is complete 
and locally compact. Hence, S' is a proper space i.e. each clewed ball in S' is 
compact (see [13 Th. 1.10). Therefore, the visual boundary dS of S' is dehned 
by means of geodesic rays and is homeomorphic to (see [S], p.l9). Furthermore, 
as all conical singularities in S' are assumed to have angle > 2%, we deduce that S' 
has curvature < 0, that is, S satisfies CAT(O) inequality locally (see for example 
[T8l Theorem 3.15]). Since S' is simply connected it follows that S' satishes CAT(O) 
globally, i.e.. S' is a Hadamard space (for the definition and properties of CAT(O) 
spaces see [2] and m)- Note that since S' is a CAT(O) space, geodesic lines and 
geodesic rays in S' are global isometric maps. 

If p is a geodesic, we will denote by g (+oo) the boundary point determined 
by the geodesic ray p|[o,+cx)) and similarly for g (— oo). 

In the next proposition we state the following important property of dS. For 
a proof see Proposition 2.1 in [8]. Uniqueness of geodesic rays follows from the 
fact that S' is a CAT(O) space (see [3l Ch.II, Proposition 8.2]). 

Proposition 4 For every pair of points x & S, f E dS (resp. rj,^ E dS) there is 
a geodesic ray r : [0, oo) ^ S' U dS (resp. a geodesic line I : (—oo, oo) —?■ S' U dS) 
such that, r(0) = x, r(oo) = f (resp. /(—oo) = p, /(oo) = f). Moreover, geodesic 
rays are unigue. 

Since S' is a hyperbolic space in the sense of Gromov, the isometries of S' are 
classified as elliptic, parabolic and hyperbolic [16]. On the other hand, P is a 
hyperbolic group, thus P does not contain parabolic elements with respect to its 
action on its Gayley graph (see Th. 3.4 in [5]). From this, it follows that all 
elements of F are hyperbolic isometries of S'. Therefore, for each (p G F and each 
X E S the sequence ip'^^x) (resp. </?“”(x)) has a limit point <yc(+cxo) (resp. <y9(—exo)) 
when n —)■ +CX 0 and <yc(+cxo) ^ ip[—oo). The point </?(+cxo) is called attractive and 
the point ip{—oo) repulsive point of ip. 
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The limit set A(r) of T is defined to be A(r) = Tx fl dS, where x is an 
arbitrary point in S. Since the action of T on S' is co-compact, it is a well known 
fact that A(r) = dS, and hence A(r) = Note that the action of T on S' can 
be extended to dS and that the action of T on ^S* x dS is given by the prodnct 
action. ^ 

Denote by the set of points in dS which are hxed by (hyperbolic) elements 
of r. Since A(r) = dS, the following three results can be derived from [9]. 

Proposition 5 The set is T—invariant and dense in dS. 

Proposition 6 There exists an orbit of T dense in dS x dS. 

Proposition 7 The set {(0(-|-oo), 0(— oo)) : 0 G T} is dense in dS x dS. 

The following is straightforward (see [TJ Lemma 8]) 

Lemma 8 Let he an element of T and let rj = ip{—oo) and f = (p{oo) be the 
repulsive and attractive points of ip in dS. Then any geodesic line c joining rj and 
f projects to a closed geodesic in S'. 

Clearly, the set of points 

Ff = {^1^ 7 ^ c (-l-C)o) for all geodesics c such that p (c) is closed} (1) 

is uncountable and dense in dS. Similarly the set 

{(■C) v) I'C) h £ f v} is dense in dS x dS. (2) 

We will also use the Gauss-Bonnet formula [l5] in the following special case: 
let P be a simply connected sub-surface of S' with piece-wise geodesic boundary. 
For s G dP denote by Op (s) the angle at s inside P. Then 

- »(5)) + (3)) (3) 

As mentioned above. S' is a CAT(O) space hence the following Theorem holds 
(see [2|, Cor. 5.8.ii]) 

Theorem 9 (Flat Strip Theorem) If f,g : M. ^ S are two geodesics with 
f (—oo) = g {—oo) and f (oo) = g (oo) then f and g bound a flat strip, that is, a 
convex region isometric to the convex hull of two parallel lines in the flat plane. 
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3 Properties of geodesics 

Let GS be the space of all local isometric maps g : M. ^ S. The image of such a g 
will be referred Jo as a geodesic in S. Conjder also the space GS of all isometric 
maps g : M. ^ S. Both spaces GS and GS are equipped with the compact-open 
topology. Moreover the space GS with the compact-open topology is metrizable 
and its metric is given by the formula (see 8.3.B in [16]) 



We will denote by pjoth projections S ^ S and GS —^GS. The image of any 
geodesic in S splits S into two convex (open) sets, say Sl and Sr, and we may 

speak of the distance to the left of Im^ from the set |s G | T conical point| , 
namely, 


di = inf < d (x, s) a: G Imgf, s G Sr, s conical point 


and similarly for the distance to the right (Ir. All the above make sense when 
dealing with geodesic rays. We will use the following Theorem which follows from 
the main result in [3 Remark 18]. 

Theorem 10 If g is a geodesic or geodesic ray in S which 

(a) does not contain any conical point and 

(b) projects to a non-closed geodesic in S 
then di = dR = 0. 

We will be saying that a geodesic / in S' is unique if every geodesic g with 
the property g (±cxo) = / (±cxo) is a re-parametrization of /. The above Theorem 
implies that uniqueness of geodesics in S does hold for all geodesics which do 
not project to closed geodesics in S. To see this, let /, g be two distinct geodesics 
with / (—cxo) = g (—cxo) and / (cxo) = g (cx)) . By the Flat Strip Theorem / and g 
bound a flat strip and, thus, we may find a geodesic h in the interior of the flat 
strip whose existence violates Theorem [101 We restate Proposition 0] in the form 
we will use. 

Proposition ll^For every pair of points x G S', ^ G dS there is a unique geodesic 
ray r : [0, oo) —?■ S such that, r(0) = x, r(oo) = f. 

For every pair of distinct points dS there is a geodesic line I : {—oo, oo) 

S'U such that /(—oo) = g, /(oo) = f. Moreover, if the geodesic I does not project 
to a closed geodesic in S, then it is unique. 

By abuse of language, a geodesic g G GS will be called closed (resp. non- 
closed) if p {g) is (resp. is not) a closed geodesic in GS. Observe that if a closed 


5 


gec^esic g G GS does not contain any TOnical point then g determines a flat strip 
in S, that is, a closed convex subset of S isometric to / x M for some closed interval 
I, whose boundary consists of parallel translates of g which contain conical points 
provided that the flat strip is maximal. Observe also that a closed geodesic 
g G GS containing conical points may or may not be the boundary line of a flat 
strip, the latter being equivalent to p (g) being the unique closed geodesic in its 
(free) homotopy class. 

Lemma 12 For any e.s.c.s. S there exists a closed geodesic which is unique in 
its free homotopy class. 

Proof. Let s' be a conical point in S with angle 9 (s) . Pick 6q < and 

let ri, i = 1, 2, 3,4 be geodesic rays enumerated clockwise with rj (0) = s' and the 
(clockwise) angles formed by r* at s' satisfy the following relations 

<s'(n,?^ 2 ) = 6*0 = <s'(r 3 ,r 4 ) and <s'(’^ 2 , J^s) > tt, <s-(r 4 , ri) > tt. (4) 

By Proposition [3 there exist boundary points p G (ri (+oo) , r 2 (+oo)) , C G 
(r 3 (+C)o),r 4 (+C)o)) such that p = g (—oo) ,C = 9 (+oo) for some closed geodesic 
g in GS. It is easy to see that Im^f must contain s^. For, if s^ ^ Im^f then Im^f 
must intersect Imr* for at least one i. Without loss of generality, assume that 
y = g ity) G Imri n Im^f. Let be the unique geodesic ray with r^(0) = s and 
(+oo) = C- Then, by the inequalities in (jl]) the union 

[l/, s] U Imr^ 

is a geodesic ray from y to C, which is different from g\[ty^+oo) because g ([fy, +C)o)) 
does not contain s'. This is a contradiction by Proposition [11] Thus, Im^f contains 
s' and so does any (closed) geodesic with boundary points p, f. Therefor, g is not 
the boundary line of a flat strip and, hence, its projection to S is the unique 
geodesic in its homotopy class. ■ 

We now turn to asymptotic geodesics. Recall that two geodesic rays gi,g 2 
(or geodesics) are called asymptotic if d[gi (t), g 2 (t)) is bounded for all t G 
Equivalently, two geodesic rays gi,g 2 (or geodesics) in S are asymptotic 
if gi (+CX)) = g 2 (+oo). 

Proposition 13 Let gi,g 2 be two (non-closed) asymptotic geodesics with 

^ = gi (+oo) = g 2 (+oo) e dS \ Fy,. 

Then for appropriate parametrizations of gi,g 2 we have 

\imt^ocd{gi (t ), g2 (t)) = 0 . 

We first show the following 
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Lemma 14 Let gi,g 2 be two geodesics as in the above Theorem. Assume that 


dist (Im^fi, \ra.g 2 ) := inf (x, ?/) | x G Im^fi, ?/ G Im 5 f 2 } = 0. 
Then there exists a unique re-parametrization g^ of gi such that 

\imt^^d{g^ (t), g 2 (t)) = 0. 


Moreover, for the generalized Busemann function a 


M (for its definition, see Section |^. j| below and 
i't),92 (t)) =0. 


Ch. 


dS US j X S X S 
II, Sec. 1]) we have 


Proof. As gi,g 2 are asymptotic, the distance function t ^ d{gi {t) ,g 2 (f )), 
t > 0 is convex (see [21 Ch.I, Proposition 5.4]) and bounded. Therefore, it is 
decreasing with a global inhmum, say, C > 0. Clearly, if C = 0 we have nothing 
to show. Assume C > 0. Then, 

Vn G N, > 0 such that Wt >t'^,d {gi (t), 92 (t)) < —\- C. (5) 


Since dist (Im^fi, Im 5 f 2 ) = 0, 

Vn G N, 3xn G Im^fi and G Im 5 f 2 such that d (x„, yn) < —■ (6) 

n 

Let t'f be the real number such that g 2 (t'f) = yn- For each point g 2 (t) on the 
geodesic g 2 , denote by x (t) the unique point on Imgfi realizing the distance 
dist {g 2 (t),lmgi) (see [21 Ch.I, Corollary 5.6]). By (E]) we have 

d{x{0,g2{t:))<l/n 


and, thus, 

Vt > t'f, 3x (t) G Im^fi such that d {x (t) ,g 2 (t))<d (x (t'f ), g 2 (t'f)) < 1/n. (7) 
Set tn = max {t'^, ff} . If for some large n G mathbbN the inequality 

d {x {tn ), 9i (0)) > d {gi {tn ), 9i (0)) 

holds for the time tn, it follows that the same inequality holds for all T > In 
this case set C = C. Otherwise, set C = —C. We will show that 

Vt > tn, d [gi {t + C) , g 2 {t)) < 
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Let t > tn he arbitrary. Then, by ([5]) and ([7]), for the points gi {t) ,gi{t + C^, 
g 2 (t) and x (t) we have 


d {gi (t ), g2 (t)) < —h C 
n 

d{x{t),g2 (t)) < - 
n 

d{gi (t + C) ,gi (t)) = C. 

By elementary triangle inequalities we obtain 

d{gi {t + C) ,x(t)) < ^ 

which implies that d [gi (t + C) , g2 (t)) < ^ as desired. Define the geodesic gi 
by Viit) ■■= giit + C). 

We now show that a {^,gi (0), g 2 (0)) = 0. For each n G N, pick tn>0 such 
that d {g^ (t„), g2 (tn)) < ^/n. Then, 

\d {g 2 (0), gi (tn)) - d {g^ (0), g^ (t„)) | = 

\d{g2 (0),^1 (tn)) -d{g2 (0),^2 (tn))| < 

d{gi (tn) , 5'2 (tn)) < l/n. 

By letting n —)■ cxo we obtain a sequence {g^ (tn) converging to ^ such that 

a (C, 9 i (0), g 2 (0)) = lim Id {g 2 (0), g^ (tn)) - d {g^ (0), g^ (tn)) | = 0. 
n—>-oo 


Proof of Proposition 1131 If Im gir\lmg 2 ^ 0 then there must exist a iF G M 
such that 

Im5fi|[i^,+oo) Clmgis (8) 

otherwise uniqueness of geodesic rays would be violated. Clearly, if property ([ 8 ]) 
holds the result follows trivially, so we may assume that Im^fp fl Im 5 f 2 7 ^ 0 - 
Consider the convex region P bounded by 

Im5fi|[o,+oo) Ulm5(2|[o,+oo) U [gi (0) , 5(2 (0)] = dP. 

All terms (27r — d (s)) in the first summand on the RHS of formula ([2]) are neg¬ 
ative and bounded away from 0. The terms (vr — Op (s)) are also negative for all 
's ^ gi (0), g 2 (0). It follows that there exist finitely many conical points in the 
interior of P. Let Mi be a bound for the distance of the conical points in P from 
[91 ( 0 )) 92 ( 0 )] and M 2 a bound for 

{d{9i{t) ,92it)) I te [ 0 ,-hoo)}. 


Then the geodesic segment (2Mi + 2 M 2 ), g 2 (2Mi + 2 M 2 )] splits P into two 
subsurfaces; a bounded one containing all conical points of P and an unbounded 
one not containing conical points. Hence, up to re-parametrization, we may 
assume that P \ dP does not contain any conical points. 

Assume that Im gfi | [o,+oo) contains finitely many conical points. Then, the 
distance dist (Im^fi, Im 5 f 2 ) must be 0 , otherwise one of the distances dL,dji for 
\m.gi would be positive, contradicting Theorem [101 The result in this case follows 
from Lemma [m Similarly for Im 5 f 2 |[o,+oo)- We proceed now in the case both 
Im 5 fi I [ 0 ,+cx)) and Im 5 f 2 |[o,+oo) contain infinitely many conical points. Enumerate 
them by 

■Sq 9l (0) ) -Sl) "52, S 3 , . . . , Sj, . . . 

according to their distance from ( 71 ( 0 ), that is, s] G [sq,s],] for all j < j'. 
Similarly for Im 5 ( 2 |[o,+oo)- 

As the angle at each sj is > tt we may extend each geodesic segment [s^+i, sj] , 
j = 1, 2,... to a geodesic segment [sj_,_;^, xj] 9 sj so that xj G dP and the angle 
at sj inside P is = vr. By uniqueness of geodesic rays (see Proposition xj 
cannot belong to Im5f2|[o,+oo), thus, xj G [gi (0) , 5^2 (0)]. For the same reason 


xj -< xj/ for all j < /• ( 9 ) 

where the inequality relation -< means that d [gi (0), xj) < d [gi (0), xj,) . In 
particular, xj 7 ^ xj,. Do the same with the segments [sj+i, sj] , j = 1, 2,... and 
observe (again by uniqueness of geodesic rays) that 

xj -< xj, for all j,j'. ( 10 ) 

Let x^ (resp. x^) be the unique accumulation point of the set {xj|j = 1,2,...} 


(resp. {x‘j\j = 1 , 2 , ...}). Observe that x^ may be equal to x^ so that [x^, x^] is 
a singleton. Moreover, by flTOl) . 

xj -< x^ and x^ -< xj for all j. (11) 

Let g he a. geodesic ray with g (0) G [x\ x^] and g (+cxo) = gi (+cxo) = g 2 (+cxo). 
By uniqueness of geodesic segments we have that Im g <Z P. We claim that Im \ 
(0)} C P \ dP or, equivalently, 

Im^n{sj|j = 1,2,...} = 0 = Im^n (sjli = 1,2,...}. (12) 

For, if sjjj G Im for some jo , then the angle formed by Im g \ j--! and Im g \ ~i 

at sjij is (by relation (iTTl) above) smaller than the angle formed by Im gi \ j--! 
and Im^fil ~i j which is, by construction, = vr. This contradicts the fact that 
is a geodesic. This proves property (IT^ . 
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As Im^f does not contain conical points, by Theorem [TOl the distances dist (Im^fi, Im^f) 
and dist (Im 5 f 2 ,Im 5 f) must be 0, otherwise one of the distances for Im^f 

would be positive. By Lemma [HI there exist re-parameterizations ^ 1,^2 of 9 ii 92 
respectively such that 

hmi^ood(^i (t), g (t)) = 0 and hmt^ooC ^(^2 (f) > 9 (f)) = 0 
and the result follows. ■ 

We now examine special properties of the boundary points c (+ 00 ) ,c(— 00 ) 
of a closed geodesic c G GS. 

Lemma 15 Let c G GS be a closed geodesic and f G GS any geodesic with 
f (+cxo) = c (+cxo) and f {— 00 ) 7 ^ c (— cxo) . Then, 

• “If p{c) is unique in its homotopy class, f\[K,+oo) = c\[k',+oo) for some 
a:, iL' G M. 

• if p{o) is not unique in its homotopy class, either f\[K,+oo) = c\\^k',+oo) for 
some iL, iL' G M or, f\[K,+oa) = c'\[k',+oo) where d is a parallel translate of 

c. 

In particular, f is a non closed geodesic and unique with points at infinity f{+oo), f {— 00 ). 
Moreover, by altering the parametrization of c we may achieve K = K'. 

Proof. First assume that p{c) is unique in its homotopy class. Then Imc 
contains conical points, otherwise c would determine a flat strip contradicting 
uniqueness of p (c). If the result does not hold then, by uniqueness of geodesic 
rays (see Proposition [TT]) . Im/fllmc = 0. Let P be the convex simply connected 
region bounded by 

Im /1 [o,+oo) U Im c| [o,+oo) U [/ (0), c (0)] = dP. 

Using the formula ([3]) we may assume, as in the proof of Proposition [13] above, 
that P \ dP does not contain any conical points. Since c is closed there exists a 
singular point G S such that p~^ is an inhnite set 

P~^ (Sio) = [sioj I J = 1,2,...} 

contained in Imc|[o,+oo)-Thus, there are inhnitely many terms (tt — 9p (sioj)) in 
the second summand on the RHS of formula (|3|). By periodicity, the angle vr — 

9p (sjgj) is constant for all j, which is a contradiction. 

The case where p (c) is not unique in its homotopy class is treated similarly 
by using the (maximal) flat strip determined by c which is bounded by geodesics 
parallel to c. 

If p (/) were closed then, since /, c coincide on an unbounded interval [K, 00 ), 
we would have p (/) = p (c) which implies that f = c. ■ 
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4 Transitivity and Mixing of the geodesic flow 

4.1 Definitions and classical properties 

The geodesic flow is deflned by the map 


RxGS ^GS 

where the action of M is given by right translation, i.e. for all t G M and g G GS, 

(t, g) t-g where : M —?■ S' is the geodesic deflned by (t ■ g) {s) = g {s + t) ,s ^ 

M. Similarly for GS. 

Definition 16 The geodesic flow M x GS —?■ GS is topologically transitive if 
given any open sets O and lA in GS there exists a sequence —)■ oo such that 
tn ■ O nU 7 ^ 0 for all n sufficiently large. 

Definition 17 The geodesic flow M x GS —)■ GS is topologically mixing if given 
any open sets O and U in GS there exists a real number to > 0 such that for all 
\t\>to,t-onufl^%. 

A point g in GS belongs to the non-wandering set VL of the geodesic flow 
M X GS —)■ GS if there exist sequences {gn} C GS and {tn} C M, such that 
tn ^ oo, gn ^ g and tn - gn ^ g- necessary condition for topological mixing is 
12 = GS which, for the class of surfaces studied here, holds as it is equivalent to 
A(r) = dS (see [131 Cor. 3.8]). 

Define a function aiS'xS'xS'—?-Mby letting 

a {f, X, x') := d {x',f) — d {x,f) (13) 

for (,^, x,x') & S X S X S. It is shown in [21 Ch. II, Sec. 1] that this function 
extends to a continuous function 

(dSuS^ xSxS 

denoted again by a, called the generalized Busemann function. 

This function, in fact, generalizes the classical Busemann function whose defi¬ 
nition makes sense in our context. Conversely, for arbitrary ^ G dS and |/ G S', the 
restriction a y, •) = 'a|{g}x{y}xs simply the Busemann function associated to 
the unique geodesic ray from y to f. We will use the following facts. 

Lemma 18 (a) The generalized Busemann function a is Lipschitz with respect 
to the second and third variable with Lipschitz constant 1. 

(b) If f,g e GS with /(-oo) = g{+oo) then a (g {+oo), g (0) J (t)) = t + 
a {g i+oo), g {(fl J {0)). 

(c) If f, g G GS are asymptotic geodesics, then there exists a unique re-parametrization 
J of f such that a{f {+oo) J (0), g (0)) = 0. 
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A proof of (a) can be found in [2l Ch. II, Sec. 1] and the proof given in [6l 
Lemma 2.3] holds verbatim for (b) and (c). 

Definition 19 We say that a geodesic h G GS belongs to the stable set {g) of 
a geodesic g if g,h are asymptotic. Two points x,x' ^ S are said to be eguidistant 
from a point ^ G dS if a x, x') = 0. 

We say that a geodesic h G GS belongs to the strong stable set W^^ (g) of a 
geodesic g if h E W^ {g) and g {0) ,h (0) are eguidistant from g (oo) = h (cxd). 

Similarly, if h,g G GS, we say that h G W^^ {g) (^respectively W^ (gf) if there 
exist lifts h,gE GS of h,g such that h G (g) (^respectively W^ (V))- 

The following is a restatement of Proposition [13] taking into account Lemma 

m 

Proposition 20 Let f,gE GS with f G (g). If neither f nor g is a closed 
non-unigue geodesic then 


\\m.t-,^d{f (t), g (t)) = 0. 

4.2 Topological transitivity 

It is apparent that topological mixing implies topological transitivity. However, 
in the proof of topological mixing below we will need a property equivalent to 
topological transitivity, namely, that W^ (/) = GS for any / G GS. In this section 
we will establish this property. 

We will use the following theorem shown in [2l page 48] in the context of 
Hadamard spaces which satisfy the duality condition. 

Theorem 21 There exists a geodesic 7 in GS whose orbit M 7 under the geodesic 
flow is dense in GS. 

Duality Condition: For each / G GS, there exists a sequence of isometries 
c r = TTi (S') such that (j)n (x) -)■ / (+oo) and 0 “^ (x) -)■ / (-00) 
for some (hence any) x E S. 

Lemma 22 S satisfies the duality condition. 

Proof. If / G GS is closed we may consider {0n} to be powers of the 
hyperbolic isometry corresponding to /. Then clearly 0n(/(O)) -E / (+00) and 
(/(O)) ^ / (-oo). 

Suppose / G GS is non closed. By Theorem^ there exists a sequence of closed 
geodesics such that c„ (+00) — )■ / (+00) and c„ (—00) — )■ / (—00) . Moreover, 
by changing appropriately the parametrizations of each c„, we obtain c„ -E f. 
We may alter the period tn of each Cn so that tn +00 as n —)■ 00. Set to 


12 



be the isometry which corresponds to translating c„ by tn- Then, <pn (cn ( 0 )) 
f (+C)o) and, since / ( 0 ) is at bounded distance from c„ ( 0 ) for all n, it follows 
that (j)n if ( 0 )) —)■ / (+cxo) . Similarly we show that 0 “^ (/ ( 0 )) f {—oo). ■ 

Proposition 23 For any f E GS, (/) = GS. 

Proof. Let g E GS be arbitrary and pick lifts g E GS of g and / E GS of 
/. Since by the previous Lemma S satisfies the duality condition, we may use 
Theorem EH to obtain a geodesic 7 E GS and sequences {tn} in R and {^n} in 
T such that (pn {tn Set ■= {tn ' j) ■ 

Since the orbit T • / (+00) is dense in dS we may pick, for each hxed n, a 
sequence { 0 n,fc}^i C T such that (pn^k (^f (+00) j -E- 7^ (+cxo). For all k, con¬ 
sider geodesics gn,k with gn,k (+00) = (j)n,k (j (+00) j and gn,k (-00) = % (-00). 

Clearly gn^k = P {gn,k) G (/) for all k,n E N and by a diagonal argument we 
obtain a sequence gn,k{n) = P {{gn,k(n)) which converges to g = p(g). ■ 

4.3 Proof of topological mixing 

For the proof of topological mixing for the geodesic flow on S, we will closely 
follow the notation and the line of the analogous proof for CAT(-l) spaces in [6] 
which, in fact, follows the steps of Eberlein’s work (cf [I 2 ])- The main difficulty 
in the present set up is the fact that GS is only a CAT-(O) space and, in turn. 
Proposition EDI does not hold for certain classes of closed geodesics whereas for 
CAT(-l) spaces holds for arbitrary geodesics. For the proofs of the following 
Lemmata, we will refer to the corresponding proofs in |6] and deal only with the 
implications arising from the closed geodesics. 

Lemma 24 (a) For any g E GS and t eR, {t ■ g) = t ■ {g)^ . 

(b) Let g,h E GS with g closed and unique, h E {g) and O C GS an 
open neighborhood of h. Then there exists an open neighborhood A containing g 
such that for any g' E A, {g') fi 7^ 0 . 

(c) If h E PF^"^ {g) and g is closed and unique, then PF"^® {h) C PF^^ {g). 

Proof, (a) If h e PF^® {t ■ g), there exist a sequence C PF^^ {t ■ g) 

with hn —)■ h. It is clear from the definitions that {—t) ■ hn —)■ {—t) ■ h and 
{(—t) • C PF^^ {g). This shows that {—t) ■ h E PF*^ {g) and, hence, h = 

t ■ ((—t) ■ h) Et- ^PF^^ {g)^ . Similarly, we show the converse inclusion. 

Part (c) follows easily from part (b). 

(b) Each conical point s e Im splits g into two geodesic rays which subtend 
two angles (left and right according to the positive orientation of g) at s denoted 
by Ol (T) , 9 R{'s).Asgisa geodesic, both 9 l (s) , 9 r (s) are > vr. If 9 l{s) = n for 
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all s G Im^f then we may parallel translate g to the left, thus g is not unique, a 
contradiction. Thus, 0 i(^ >71 for at least one s G Im^f. Similarly for 6 ^ (s) . 
Observe that, as (7 is a closed geodesic, both sets 

{ 6 l (S) I s G Img} ,{ 6 r { s ) | s G Im^f} 


are hnite. Set 

9l = min [9l (s) — tt | s' G Im ( 7 , 6*2, (s) > tt} 

As explained above, 9 l > 0 and, similarly, 9 r is dehned and it is > 0 . Choose 
6*0 < min{ 7 i/ 2 , 9 L, 9 R} and set 


T = - min 
2 


d (si, S2) I si, S2 conical points in S 


Claim 1 : There exists £0 > 0 such that for any conical point T = 77 (f*) G Im 77 
with 9l(s) > (resp. 9r (s) > tt) the following holds: if a; is a point with 
d {x, g (ts + T)) < £0 then the geodesic segments [s', x] and [s', 77 {tg + T)] subtend 
at s' an angle 6* < y, provided that x lies on the left (resp. right) of Im77. The 
same holds for points y such that d {x, 77 {tg — T)) < Eq. 

The proof is elementary as, by dehnition of T, the geodesic triangle formed by 
the points s, 77 (tg + T) and x for sufficiently small £0 is Euclidean and acute. 

Claim 2 : For the Eq posited in Claim 1 , the following holds: for any conical point 
s = 77 (tg) and any points x, y with d {x, g (tg + T)) < Eq and d {y, 77 (tg — T)) < Eq, 
the geodesic segment [x,y] necessarily contains s, provided that (s) > tt (resp. 
9 r (s) > tt) and both x, 7/ lie on the left (resp. right) of Im77. 

Proof of Claim 2 : We may assume that 9 l{s) > tt and x, y he on the left of Im77. 
Then, by Claim 1 , 


Zs-([s,x], [s,^(fs- + T)]) < 


2 


and ^g{[s,y ], [s,g{tg 


oi) < A 


Thus, the angle /^([s, x ], [s, y]) subtended on the left of Im77 is at least 


6*^ (s) - 2y > TT + - 2y > TT. 


Clearly, the angle subtended by [s, x ], [S', y] at S’ on the right of Im 77 is > tt because 
77 is a geodesic. It follows that the union [S', x] U [S', y] is a geodesic at S' and the 
Claim follows by uniqueness of geodesic segments (see Proposition ITTll . 

Notation: Denote by Tg the period of 77 and by A{g,K,E) for iC G M, iC > 0 
and e > 0 the open neighborhood in the compact open topology around 77 of the 
form 


A (77, iC, e) = |/ G GS I d{f (t) ,g (t)) < e for all t G [—K, K] | 
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Claim 3 : For the Eq posited in Claim 1 and 2, we have 


\/g' G ^(^,3Tg,£o) ^ g{[-Tg,Tg]) C Im^'. 

Proof: We first show that for arbitrary g' E A {g, 3Tg, Eq) , g' {[Tg, 2Tg]) intersects 
g{[Tg,3Tg]). 

If we g' [Tg] ,g' (2Tg) lie on opposite sides of Imgf, we have nothing to show. 
If g' (Tg) ,g'{2Tg) lie on the same side, say, left, of Im^f we may find a conical 
point Si = g (tsi) G g {[Tg,2Tg]) with 9l(si) > vr. By Claim 2, the geodesic 
segment [g' (Tg) , g' {2Tg)] contains si, thus, g' {[Tg, 2Tg]) intersects g {[Tg, 2Tg]) C 
g {[Tg, 3Tg]) . Similarly we show that Im^f' intersects g {[—3Tg, —Tg]) . By Propo¬ 
sition [TTl it follows that Im^f' contains g {[—Tg,Tg]). This completes the proof of 
Claim 3. 

We return to the proof of part (b) of the Lemma. Let h G {g) fl O, for an 
open neighborhood O of h. By Lemma [El there exists Tq such that h{t) = g {t) 
for all f > Tq. It suffices to show the result for sufficiently small neighborhoods 
O of h, namely, for neighborhoods of the form 

C> = 0{h,K,Eh) = |/ G I d{f{t),h{t)) < Eo for all t G [-K,K]^ 


for K > |To| and Eh > 0. 

For any neighborhood G of h as above, let ^ ^ {g, Ti, Eg) be the neighborhood 

of g in the compact open topology determined by Ti > 0 and > 0 satisfying 

Ti - |To| > 6Tg and Eg < min | ^eh, Eq | . 


By Claim 3 we have that for every g' G A, there exists an interval I = [ri,r 2 ] C 
[To,Ti] such that lmg\j = lmg'\j. We already have, in addition, that \viig\i = 
Imh|/ and since h G {g) it follows g{t) = h{t) for all t E I. Since g' E 
A {g, Ti, Eg) , we have 

d{g' {r2),g{r2)) = S < -Eh. 


or, equivalently g' (r 2 -|- 5) = 
h' dehned by 

h'{t) 


g (r 2 ) where 5 = -|-(5 or, —6. Then, for the geodesic 

_ ( h{t) , if t < r2 
\ g' {t + 6) , if t > r 2 


we clearly have h' E A and, by construction, h' E {g') as required. ■ 


Proposition 25 There exists a geodesic g E GS such that {g) = GS. 


Proof. The proof is identical to the analogous Proposition 4.1 in [6]. The 
first step in the proof is to show that 


W 0,UCGS open, 3 g E O : {g) nU ^ H). (14) 
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In that proof, a choice of / G (O) and h G p~^ {U) is made so that 

(/ (+oo), h (+oo)) = (0 (+oo), 0 (—00)) : 0 G r is hyperbolic. 

The additional observation needed in our setup is that, by Lemma [151 / and 
h can be chosen to be non-closed and unique and the same holds for all trans¬ 
lates 0 (/) , 0 (h). All approximations in S and GS performed in the proof of 
Proposition 4.1 in [B] are valid verbatim in our setup. ■ 

Proposition 26 Suppose c G GS is a closed geodesic with the property of being 
unigue in its free homotopy class. Then (c) = GS. 

Proof. Let g be the geodesic posited in Proposition l25l that is, (g) = GS 
and let c be a closed geodesic unique in its homotopy class with period u. Observe 
that such a geodesic c exists by Lemma [121 By Proposition [231 hP® (c) = GS 
so that g G IP® (c) = GS. Thus, there exists a sequence {gn\ C hP® (c) such 
that gn g. For each n G N, consider lifts ^n,c of gn,c respectively satisfying 
'gn G hP* (c) and use Lemma [TSlf ci to obtain a real number tn such that tn ■ gn ^ 
VP®® (c). Each tn may be written as 

tn = ku + tn 

where k E Z and tn G [0, oj). By choosing, if necessary a subsequence, tn ^ t for 
some t G [0, oj] . Then tn- gn t- g and tn- gn G hP®® (c) which simply means that 
t-g G hP®® (c) and by Lemma [Mf c) we have hP®® (c) D IP®® {t - g) = IP®® {g) = GS. 

■ 

We will need a point-wise version of topological mixing and a criterion for 
such property. 

Definition 27 Let h, / he in GS and let ® seguence converging to 

-l-cxo or —00. IPe say that h is Sn-mixing with f (notation, h f) if for every 
neighborhood 0,U in GS of h, f respectively, Sn- O HU 7^ 0 for all n sufficiently 
large. 

If h / for some h, f E GS, then using decreasing sequences of open 
neighborhoods of h and / it is easily shown that for each subsequence of 
{s„} there exists a subsequence {r„} of {s^} and a sequence {h„} C GY such 
that hn ^ h and —)■ /. Moreover, by property ([2D, we may choose 

so that each hn is non-closed for all n. The proof of the converse statement is 
elementary, hence, the following criterion for the s„-mixing of h, f holds. 

Criterion 28 If h, f E GS, then h / if and only if for each subseguence 
of {sn} there exists a subseguence {r„} of {s'^} and a seguence of non-closed 
geodesics {hn} El GS such that hn ^ h and Xn - hn ^ /• 


16 










We next show the following lemma which asserts that point-wise topological 
mixing is transferred via the strong stable relation of geodesics. 

Lemma 29 Let /, g, g' G GS so that f G {g), f is non-closed, g, g' are closed 
and unique. Then if g 9' for some sequence Sn —)■ oo, then f g'. 

Proof. Fix a sequence {sn} with Sn oo. It suffices to prove the assertion of 
the lemma for / non-closed and / G (g) . To see this, let {hk}f.^fq C (g) 
be a sequence with hk —/• By Lemma fThl each hk is non-closed. Let 0,U be 
neighborhoods of /, g' respectively. Since hk ^ h, O is also a neighborhood of 
hko, for some ko large enough. As we assumed the result for non-closed geodesics 
in {g) we have hk^ g', which implies that Sn- OnU 7 ^ 0 for n sufficiently 
large. The latter simply means that / 9 '■ Therefore, it suffices to prove the 

assertion of the lemma for / non-closed and / G {g). 

Observe now that: 

• g is unique in its homotopy class and / non-closed thus Proposition 120) 
asserts that 

\imt-,ocd{f (t), g (t)) = 0 . 

• Criterion |28] above which gives an equivalent statement for the Sn-mixing 
relation is slightly different than Criterion 4.3 in [6], namely,in our setup it 
refers to sequences of non-closed geodesics. This asserts that the sequences 
{^InGN ’ {/^InGN coustructed in the proof of P Lemma 4.4] are non-closed 
and unique, thus, 

limt^ood(/n (t) ,gL{t)) =0 

for all n G N. 

The above two properties along with the standard properties of the generalized 
Busemann function stated in Lemma [TH] above is all one needs to conclude the 
proof verbatim with the one given in P Lemma 4.4]. ■ 

Theorem 30 The geodesic flow M x GS —?■ GS is topologically mixing. 

Proof. It suffices to show that 

\/ h, f E GS and V {t„} witht„ —)■ 00 , 3 sub- , ^ 

sequence {s„} C {tn} such that h /• ^ 

Since the notion of s„-mixing is defined via neighborhoods it suffices to show the 
above property only for geodesics h, / which are not closed. This will allow the 
use of Lemma [291 

Let c be a closed geodesic posited in Proposition [26] and Lemma [121 that is, 
W^s = Qg_ Clearly, for all t G M, (t ■ c) = GS. Let be a subsequence 
of {tn} such that • c ^ t • c for some t G [0, period (c)] . Then / G (c) = GS 

and c Ac, thus, by Lemma [2U1 / t-c. The latter is equivalent to -t-c 
—f. As —h G {—t ■ c) = GS we have, by Lemma [291 again, —h —/ which 

yields / h, as required. ■ 
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